SOME RENEWAL THEOREMS FOR NON-NEGATIVE
INDEPENDENT RANDOM VARIABLES

BY
JOHN A. WILLIAMSON(})

Introduction.

DEFINITION. Let | X,| be a sequence of random variables with S, =
2i-1X). Denote by I(t) the indicator function of the event |S, <t}.
The random variable N(¢) is defined by

N© = 3 L.
k=1

Renewal theory is concerned with the random variable N(t), with random
variables defined in terms of N(t), and with the asymptotic behavior of the
moments and distributions of these random variables. In this paper we
examine, under certain conditions, the behavior of E(N(t)) as t becomes large.
Hence in the introduction we will mention only results in this general area.

E(N®) = 2 E:@®) = > P(S, <?).
k=1 k=1
Weset H(t) = E(N(t)) and call H(t) the renewal function.
Feller 7] in 1941 was able to show that for positive, independent, iden-
tically distributed random variables,
lim H(x)/x = 1/E(X)).

X— o

DEFINITION. Let { X,| be a sequence of random variables. If there exists
no real number, d, for which for all n, > ;- _.P(X,= kd) = 1, then we will
say that { X,| is a continuous renewal sequence.

In 1948, Blackwell [1] proved that if { X,} is a continuous renewal
sequence of non-negative independent, identically distributed, random
variables, then for any A >0, lim, .. (H(x) — H(x — h)) = h/E(X)).

DEFINITION. For a sequence | X,} of integer valued random variables, we
let

Uy = ip<ix,.= n> —Hn+1 — Hw).
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If the random variables are positive, then u, can be interpreted as the
probability of a renewal at time n. If { X.} is a sequence of positive, integer
valued, independent, identically distributed, random variables, then as a
consequence of a 1949 theorem by Erdos, Feller, and Pollard [6], lim,_.u, =
1/E(X,). This result also follows immediately from the much earlier ergodic
theorem for Markov chains proven in 1936 by Kolmogorov [11]. In the
above results 1/E(X)) is to be interpreted as 0 if E(X,) = «.

These last two results for continuous, and integer valued renewal
sequences might be called exact renewal theorems. Generalizations of these
results have taken two general directions.

Chung and Wolfowitz [4] in 1952 and Blackwell [2] in 1953 obtained
exact renewal theorems for integer valued, and continuous renewal sequences
respectively for the case when the random variables are independent, identi-
cally distributed and 0 < E(X,) < «. Feller and Orey [8] in 1961 obtained
results for lim,_.(H(x) — H(x — h)) where it was only assumed that the
random variables of the continuous renewal sequences were independent and
identically distributed.

If it is not required that the random variables be identically distributed,
then it is still possible to obtain results. Kawata [10] in 1956 proved that,
under conditions, for any h > 0, lim,_.(1/x) g*(H(y) — H(y — h))dy = h/«,
and in 1963 Chow and Robbins [3] showed that under similar conditions,
lim, ..H(x)/x=1/a. In each of these Cesaro renewal theorems: « =
lim,_..(1/n)Y_#-,E(X)), the variables are assumed to be independent, and
restrictions are placed on the tails of the distribution functions of the
random variables.

Smith [12] in 1961 was able to prove an exact renewal theorem for
sequences of independent, but not necessarily identically distributed,
random variables. It is toward this same end that the work of this paper is
directed.

In the following pages only non-negative random variables are considered.
Actually the results of the first two sections, with the exception of Lemma
2-A, can be proven without restricting the random variables to non-negative
values. The proofs are the same with only the limits on some integrals and
sums having to be changed. However in the proof of Theorem 3 and its
corollaries the non-negative assumption is needed, so we also write out the
earlier proofs under this rather natural assumption. None of Smith’s results
require that the random variables be non-negative.

In both Smith’s paper and §2 of this paper conditions are sought which
rule out the possibility that for some A > 0, H(x) — H(x — h), or an approxi-
mation to it, will behave periodically as x becomes large. In §1 of this paper
the integer valued case is similarly treated. The strength of the theorems and
corollaries of §§1 and 2 lies in the fact that their conclusions follow from the
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existence of a subsequence with certain properties rather than from the nega-
tion of the existence of subsequences with certain properties as is the case in
Smith’s comparable results. Furthermore, the way in which the subsequence
is distributed through the original sequence is not a factor. In Smith’s insis-
tent mesh restrictions the distribution of subsequences is important.

Lemma 3-B with Theorem 3 and Corollary 3-A imposes the same condi-
tions on the tails of the distribution functions of the random variables as do
Smith’s Theorems 6, 7, and 8. Lemmas 3-C and 3-D extend the application
of Theorem 3 to sequences of random variables which, because of the
behavior of the tails of their distribution functions, do not lie in the domain
of Smith’s theorems. There are certain difficulties which we have not been
able to surmount. Smith’s successes with them are discussed briefly in the
last paragraph of §2.

Throughout these pages the following notation will be used.

By {fi} * {8} will be meant the sequence {h;| where

hy = Z fi8k-j.
e

By F*G(x) will be meant F*G(x) = S F(x — y)dG(y).

The expression, [y], where it appears as a limit of a summation should
be read as the greatest integer in y.

I would like to thank Professor Steven Orey of the Department of Mathe-
matics of the University of Minnesota, under whose direction this work was
done. I would also like to thank Professor Harry Furstenberg of the same
department for a key suggestion.

Added in proof. The following unpublished result by H. Kesten was brought
to our attention after the completion of this paper. If the conditions (a), (b),
(c) of Theorem 7 in Smith [12] are satisfied and if for every ¢ > 0 and integer
B > 0 there exists ¢, > 0 such that for any k it is possible to find X;, ---, X
with all i; = k and C satisfying

r

P{L X, De C+ s} 2
=1

for s=1,2,...,B then lim,..[H(x) — H(x — h)]= h/u. This result is
partly contained in and partly complements §§2 and 3 of this paper.

1. Conditions which insure that lim,_... (4, — u,_;) = 0. It is the purpose of
this section to establish conditions under which lim, ..(u,— u,_;) = 0.
Although the principal concern in this section is with sequences of non-
negative, independent, integer valued, random variables, the hypotheses in
Lemmas 1-A and 1-B will be weakened so that their conclusions will also be
of use in the discussion of continuous renewal sequences in §2.



420 J. A. WILLIAMSON |February

LEMMA 1-A. Let { X, | be a sequence of random variables with ¢,(t) = E(e"X¥).
If there exist a sequence {a,| of real numbers and a positive constant, M,

such that:
(1.1) there exists some w >0 for which P(|X,— ay| <M) 2w for all k;

(1.2) there exists some ¢ > 0 for which
E{[Xi— EXi| | Xs— ael <M) ¥ | X — as| <M}
=var (Xy| | Xs—as| <M) 2 ¢

for all k; then there exist constants b > 0 and d > 0 such that if |t| <d then for
all k, |gu(t)] =1 — bt™

Proof. We consider first the situation where, for all k, P(| X, — a;| < M)=1.
In this case, of course, v may be taken to be 1. Set d = 1/4M and b = c¢/3.
The result for this case follows from a known result stated as 11.14 in Doob
(5, p. 45].

In the case where we have (1.1) for some w, 0 <w <1, we can write

f e dP(X, < x) + e dP(X, < x)
|x—apl 2M

|x—ap| <M
f edP(X; < x)
|I-“hl<MP(|X,, — a,,| < M) )

[ox(®) | <

Sf| | MdP(X,, <x) 4+ P(| X, — ax| <M)
x—ap| 2

Therefore if |t| <d then
[ox(®)| = P(| Xy —as| 2 M) + P(| X, — ay] <M)(1 — btH) <1 — wbt.

Absorbing « into the constant b completes the proof.

A statement like Lemma 1-A about the uniform behavior near 0 of a
sequence of moduli of characteristic functions is of some intrinsic interest.
The following lemma is designed to meet the specific needs of the main
theorem of this section.

DEFINITION. Let F(x) be a function of bounded variation on (— o, ).
By || F| we shall mean

(1.3) |F| = S|dF(x)| = total variation of F on (— w, ).

LeMMa 1-B. Let {F}, | L.}, and {K,}| be sequences of probability distribu-
tions and U a function of bounded variation on (— w, «). If we can write
Fy(x) = iLy(x) + (1 — vp) Kp(x) where 0 <w <w <1 for all k and some ,
and if lim, .| (ki L,) *U| =0 uniformly for all sequences {jr}, then

lim = 0.

Proof. Let » > 0 be given. Choose N’ so that for alln = N/, | (oL ~Uj
=v/2, for all sequences {j,}. Using the associative, commutative, and dis-
tributive properties of the convolution operation, we can expand

<§FQ*U

k=1
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(1)) (%29 2]

(27}

k=

l::él L+ [1— "h]Kk)] *U

( * L,,)*K,*Ki*U”+--

k=1; k#j; k=i

+ﬁ<kf1 )1—y,) < * L,,)*Kj*U

k=1; k=j

+ i n1< ﬁ uk> 1—-v)A =)

i=1;i>j; j=1 \k=1; ks=i; k=]

n

4?( IT [1- "k]"j>

k=1; k=j

( * Kk>*L,~*U

k=1: k#j

(= (3o

For each k, | K| = 1 so that each expression which contains N’ or more of
the L, can be estimated »/2 times the appropriate product of the »; and
(1 — »).If n > 2N’ then the sum of the remaining terms is less than or equal
to

n
N’ 1—w)" MY U|.

W)y, )a= o ul

But this quantity can be made less than »/2 for all n greater than some
N”>2N’. Therefore, for all n>N", || (ki-,F) *U|| < (/2)[[r=1(a+ [1—wi])
+ »v/2 = ». This gives the desired result.

This brings us to the principal result in this section.

THEOREM 1. Let {X,| be a sequence of non-negative, independent, integer
valued, random variables. If there exists a subsequence {X,,k }of {X,}, a sequence
{as} of real numbers, and positive constants M and « such that:

(A) forall b, P(| X — | < M) = w;

(B) foranyd, 0 < d < =, there exists u > 0, u = u(d), for which

(1.4) sup |p(t)| =1 —u
k21

for all t satisfying d < |t| < = where py(t) = S ¢“dP(X,, < x|| Xn, — ai| <M);
(C) there exists some positive constant, B, such that for all n and all j,
ZP(ZX - n> <B;
k=j i=j

then lim,_. .. (u, — u,_;) = 0.

Proof. First it will be established that under the hypotheses of this theorem
it is possible to apply Lemma 1-A to the subsequence {X,, }. Since the vari-
ance of a random variable and the absolute value of its characteristic func-
tion are both invariant under translation, it is sufficient to consider the case
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when all a; are 0. To simplify the notation we introduce the random vari-
ables, Y,, defined by P(Y,=m)= P(X,, = m||X,, — a] <M). To show
(1.4) implies (1.2) we assume that inf,,,{var (Y} | = 0. If each a; = 0 then
E(Yy) = M for all k and hence there exists a subsequence {k;} such that
!im var(Y,,j) =0 and ljm E(Yy) =m <M.
j—e J—e
But this means that the distribution function of Y,; converges to the distri-
bution function which assigns probability 1 to the point m at every contin-
uity point of the limiting distribution. Therefore lim;_..ps () = e"™. How-
ever this contradicts the assumptions made in condition (B).

Next we introduce the following notation. Let P;(g) = P(S, = j) and u,(k)
=D 720P(Sksj — Sk = n). Then u,(0) = u,. If we let u(k) = {u,(k)} and p(q)
= {pj(q) |, then u, can be expressed by u, = p(1) + pa(2) + --- +palg — 1)
+ > ' on_i(@)p/(@). Denoting the nth term of the sequence u(g)*p(g) by
u(q)*p(q), permits us to write

-1
Up— Up_1 = t @) — Pr-1()) + u(@)*p(g)n — u(g)*p (@) n-1.
j=1

Since for each fixed j, lim,_..(p.(j) — p.—1(j)) = 0, the problem of showing
that lim,_ . (x, — u,_;) = 0 reduces to showing that

(1.5) |u(q)*p(@)n — ulq) *p(q)n_i|

can be made arbitrarily small by taking ¢ large uniformly in n.

Case 1. Assume that for all k2, P(|X,, — a;] < M) = 1. Since convolution
is an associative operation, we can write u(q)*p(q) as v(g)*r(qg) where ri(q)
= P(Q_§-1X,, = J),q is the largest n; less than or equal to g, and v(g) is the
sequence formed by convolving u(q) with the distributions of these X, for
which n is not equal to any n, and n <q. (1.5) can then be written as
v(g)*r(q), — v(g)*r(g),_. But for all j and g, |vj(g)| < Bso (1.5) =

n n—-1 ®
D 0a i (@ri(@) — X va1(@ri@| =B |ri(g) —ri_1(9)].
Jj=0 j=0 [ j=0

Now let » > 0 be given. By Lemma 1-A there exist positive numbers b and d
such that for all k£ and all |¢| <d, |px(t)| <1 — bt%. As a result of condition
(B) of this theorem we can find « > 0 which depends only on d and for which
|ox(t)] £1 — u for all k and all ¢ satisfying d < |¢t| < x. Choose Q so large
that the following inequalities are all satisfied for all ¢ = Q:

1/bg’ =v/12; (34 3vbg")(1 — w)? =<v/3;

and

.
P<| > (Xu — E(X,)

k=1

> qu') < ¢'M?/ (vbg')? < v/12.
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Under Case 1, E(exp itX,,) = px() and E(Y,) = E(X,,) so that for all ¢ = @,

i |ri(@) — ri-1(q)|
=0

(o B 414000 ]

x q
sv/6+ 3 | @ —ee v [Tnutt
J=Zh B —1-wg || ATV T k=1

’ ~d
<u/6+ (i“"—b’J (1 — bt + (3 + 2bva’) (1 — w)7
T 0

Sv/6+1/2b¢ +v/x+v/3 Sv.

This completes the proof under the assumption of Case 1.
Case 2. If we have condition (A) only for some w, 0 < w < 1, then
2 7olri(@) — ri_i(g)| can be written as |[(¥$_,F)) * U|| =

Fix) = P(X, <2), Lix) = P(X,, <x|| Xy | @il < M),
P(| X, —al <M),  Ki(®) = (Fi®) — nLi(x)/(1 - ),

U assigns weight —1 to point 1 and weight 1 to the point 0, and the norm
of the convolution of measures is to be interpreted as in (1.3). We have
v 2 w > 0 for all k. From the Case 1 discussion it is seen that | (¥;_,L;) * U||
can be made arbitrarily small for all sufficiently large n uniformly for all
sequences | j,} because the estimation based on the weak law depends only
on M and the number of terms, n, in the sequence, while the bounds on the
|pi(?) | are uniform in k. Therefore we can apply Lemma 1-B to (1.6) and this
proves the theorem.

REMARK. If all the random variables are strictly positive then condition
(C) of Theorem 1 is satisfied with B = 1. Another assumption which implies
condition (C) is discussed in Lemma 2-A.

.
(1.6) [:1 aLn+ [1 — yk]Kk)]* U

where

CoROLLARY 1-A. Let { X, } be a sequence of independent, integer valued, non-
negative, random variables. If there exists an identically distributed subsequence
{ X} of { X} with |E(expitX,)| <1 for each t, 0 < |t| < =, and if in addi-
tion condition (C) of Theorem 1 is satisfied, then lim,_.. (4, — u,_;) = O.

Proof. The positive constants M and w of Theorem 1 can obviously be
found.

CoROLLARY 1-B. Let | X, | be a sequence of non-negative, independent, integer
valued, random variables. If there exist a subsequence { X, } of {X,} and a posi-
tive constant s such that for each k there exists j = j(k) for which P(X,, = j) = s
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and P(X,,= j+ 1) = s, and if condition (C) of Theorem 1 is satisfied, then
lim,_..(u, — u,_y) =0.

Proof. Let P(x,, =)) = f;(k). Using the notation of Theorem 1 let a,=
jR)|j(k) +1)/2, M =1, and w=2s. For all £ and all [t| <=/2, |pk(?)]
<1 — 4s%%/x% For all k and all t satisfying =/2 < |[¢t| <=, |p(t)| =1 — s
Conditions (A) and (B) of Theorem 1 are easily verified.

Corollaries more general than Corollary 1-B can be stated by not placing
the restricting condition on consecutive integers. However, Theorem 1 does
not allow us to conclude anything about the asymptotic behavior ofu, — u,_,
from the presence of random variables which take on only values (m + kd)
where k = 1,2, ---,d = 2, and m and d are integers. Example 4.1 shows that
the existence of a subsequence, { X, | for which for all k, > ;" (P(X,,= m+ jd)
= 1,d = 2, is not enough to insurelim,_...(x, — u,_)) = 0 even when ged(m, d)
= 1. Before continuing our discussion of u, — u,_; there is another conclusion
to be drawn from Theorem 1.

CoroLLARY 1-C. Let { X, | be a sequence of independent, non-negative, integer
valued random variables. If there exist a subsequence { X,,} of { X,}, a sequence
{a, }of real numbers, positive constants M and w, and a positive integer d such that:

(i) Forallk, P(| X», — ai) <M) = ;

(ii) For any h in (—=x/d,x/d) there exists u >0, u=u(h), for which
supes1|ex®)| £1 — u for all t satisfying h < |t| < x/d where py(t) is defined
as in Theorem 1;

(iii) Condition (C) of Theorem 1 is satisfied,
then lim,,_, . (4, — u,_g = 0.

Proof. In the notation of Theorem 1 we need only show that

lim 3 @) — r-d@)| = 0.

g—o j=—o

But y .
ri(g) — ri—a(q) = (d/2x) f /de"j'(l — e [T pu(t)dt
i k=1

and the use on the interval [—=/d, =/d ] of the estimates made in Theorem 1
gives us the conclusion.

However, for d = 2, Corollary 1-C is of no help in establishing the main
result, Theorem 3, of §3.

For a sequence of random variables that take on only integer values of the
form m 4 kd, k= 1,2, ---, where gcd(m,d) = 1, stringent conditions can be
stated which imply that lim,_..(«, — u,_;) = 0. If we are willing to impose the
conditions of §3 in addition to those of this section, then we can obtain a more
acceptableresult. Corollary 3-B states that if there exists some N > 0 such that
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foralln 2 N, > 20 P(X,= m + jd) = 1 where gcd(m,d) = 1, and if for some
subsequence conditions (i) and (ii) of Corollary 1-C are satisfied, then u,
actually approaches alimit as n approaches infinity provided that the hypoth-
eses of the renewal theorem, Theorem 3, are also satisfied.

The particular case where the variables are identically distributed with
> ioP(X,=m+ kd) =1,d 22, and gcd(m,d) = 1 can now be dealt with.
The case when E(X)) is finite is handled by Corollary 3-B. If the first moment
is infinite then Corollary 1-C can be combined with Corollary 3-A to get that
u, approaches 0 as n approaches infinity.

We conclude this section with what might be called a catch-all lemma. Un-
fortunately its condition, except in the identically distributed case, is almost
impossible to verify.

LemMa 1-C. Let { X, } be a sequence of independent, integer valued, positive,
random variables with ¢,(t) = E(e"**). If the function

fO=a-eh 3 (fll 50)

is in L(—n,x) and u, is finite for each n, then lim,_.(u,— u, ;) = 0.

Proof. We can write

x

e ™f(t)dt

Up— Up_1 = (1/27) f
and the result follows from the Riemann-Lebesgue lemma.

2.Conditions which insure that for any h and certain g(x),
limg x [H(x + h) — H(x) ]= 0.

In this section results analogous to those obtained in the first section will be
established but without the restriction that the random variables be integer
valued.

DEFINITION. Let { X, | be a sequence of non-negative independent random
variables with S,= D 7_,X,. Let I,(j,x) be the indicator function of the
event {S;, — S; < x}. The random variable N,(x) is defined by N;(x) =
> ijirili(,x). We will write N(x) for No(x) and set Hiy(x) = E(Ny(x)) =
Dk P(X, < x)). For Hy(x) we write H(x).

In the main theorem of this section we will require that

(2.1) for any z there exists a positive bound, B(z), depending only on z such
that Hy(x + 2) — Hy(x) < B(2) forallx and all k, k= 0,1,2, -.-.

The condition imposed on {X,} in order to get this uniform bound is one
which is also required in another connection in the proof of the renewal theorem
in §3. Hence asking that (2.1) be satisfied is not causing our main result to be
burdened by an excess of hypotheses.
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LeEMMA 2-A. Let {X,} be a sequence of independent, non-negative random
variables. If there exists a positive constant, a, such that (S,,+ — S.)/k converges
in probability to a as k — « uniformly in n, then (2.1) is satisfied. Furthermore,

(2.2) for any v > 0 there exists 2’ > 0 depending only on v such that for all
222 and for all x, Hx+2) — H(x) £z2(v + 1/0a).

Proof. We first establish that H,(z) is finite for each z. For any 0 <p < a/2
there exists k' >0, k’ = k’(p) such that for all k =k’ and for all n,
P(|(Spsx— S /k — a| Zp) <p. Fix z and choose k = max(k’,z/(a — p)).
Then for all n

n+k n+k

(* P(xj<z))§( * P(Xj<k(a—p))) <p.
j=n+1 Jj=n+1

Therefore

n+k n+2k
H,(2) §k+k< * P(Xj<k(a—p))>+k< * P(X,-<k<a—p)))

j=n+1 Jj=n+1

n+3k ©
+k( * P(X;<hk(a— p))) F o SkX o =k/(1—p).
r=0

j=n+1

Since p may be taken as small as we like, we not only have that H,(z) is finite
for each z, but in addition we have found a bound which is uniform in n.
Next let

Ju(x,2) = max{n:S,ininmi1 — SorNyw1 <21

When v = 0 write Jy(x,2) = J(x,2). Then for each v, v=0,1,2, --- N(x + 2)
=1+ N,(x) + Jy(x,2). Transposing and integrating yields

Hyx +2) — Hi®) = f (Ny(x + 2) — N,(%))dP

<14 3PS~ S, =1 <Spi— S)Hoiya(2).

Jj=v
Fix k = max(k’, z/(a — p)). Then
H/(x+2) — H(x)

<1+ 3 P(S;— S, % < Sjp1— SIk/(L—p) S 1+ k(1 —p).
j=v
k depends on z but is independent of x and hence we have (2.1).
Next let » > 0 be given. To get (2.2) we take p so small that 1/(a—p)(1—p)
< v/2+ 1/a. For this p we pick k&’ as in the proof of (2.1). Let 2” =k’ (a — p).
For any z > 2” choose & so that k(a — p) <z < (k+ 1)(a — p). Then k+1
= max(k’,z/(a — p)) and hence
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H(x+2) — H(x) <k/(1—p) +14+1/(1—)p)
zk

P —

“k(a—p)(1—0p)

<z[()/2+1/a) + 1/2+ 1/2(1 — p) ].

If we let 2 = max(2”,4/v,4/v(a — p)), (2.2) is proven.
In a continuous renewal sequence the statement analogous to

+141/(1—p)

lim (u, — u,_;) =0

is:

(2.3) For any h>0 lim,_..[H(x+ h) — H(x) — (H(x) — H(x — h))] =0.
However in the proof of Theorem 3 we will not require (2.3), but instead we
will ask that the following condition be satisfied for some n.

(2.4-n) For any function g on (— », ©) with compact support and with
n+ 3 continuousderivatives, and forany h >0, lim,_ g *[H(x+h) — H(x) ]=0.

THEOREM 2. Let {X,| be a sequence of independent, non-negative random
variables. If there exists a subsequence {X,,} of {X.}, a sequence {a,} of real
numbers, and positive constants M and « such that

(A) for allk, P(|X,, — a] <M) = ;

(B) if px(t) is defined as in Theorem 1, then for any d > 0 there exists u > 0,
u = u(d), such that sup,s,|ps(t)| <1 — u for all t satisfying |t| = d;

(C) (2.1) is satisfied;
then (2.4-0) holds.

Proof. Since for fixed x, limy_.. > ~_,(*}-, P(X; < t)) = H(t) uniformly for
all ¢ in the interval [0, x], we can write

ge[Hx+h) — Hx)] = Sg*P(x <S; <x+h)

Jj=1
x+h
+ ﬁ g*[Hyx+h—t) — Hyfx —t) |dP(S, <?).

As was the case in Theorem 1, our problem reduces to that of showing that
x+h
(2.5) J; gx[H(x+h—1t) — Hyx—t)]dP(S,<?)

approaches 0 as ¢ approaches « uniformly in x.

Case 1. We first assume that for all k&, P(|X, —a: <M) =1. Let ¢
= max{ngny < q}and Uyx) = [* L, jgpn P(X; <) .

We have condition (2.1) and a uniform bound on {|X,, — a)| } so that for
any » > 0 there exists @ = @’ (») such that for allg = @',
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x+h q
|(2.5)] = ﬁ g+ U, *[Hx+h—t) — Hx — t) ]dP(ZX,,k <t>
k=1
7
< * — —_ —
=+ ﬁ—E(ZZ;ank)l éﬂ'g Uq i [HQ(x +h ) Hq(x ) ]dP<kZ=:l X"k < t> '

Next we let W, = >"i_,X, and define a function A,(y) as follows:
1 if |ly— E(Wp)| vy,
icos(y — E(W,) +vg’) + 1] if |ly— (E(W,) —vg’ —x/2) | <=/2,

Ay =
T ) icosty — E(Wy) — vg') + 1] if |y — (E(W,) 4 vg' + 7/2)| <=/2,
0 if [y—EW)|z2x+"
If we write

@8 [ A0 Ut Hix+h—3) - Hix — ) dPWy <)

then we have that the absolute value of (2.5) is less than or equal to the abso-
lute value of (2.6) plus 2v for all ¢ = @’. We observe that
A(g*Ug*[Hyx+h —y) — Hy(x — y) ]

as a function of y is continuous, is of bounded variation on (— «, «), and is in
H(— =, ) for each fixed x, and we apply Parseval’s identity to get that

|(2.6)| = ’ ffe""yAq(y)g* Uy [Hfx+h—y) — Hy(x — y) ]dykI‘jpl,(t)dt

The subsequence {Xs, | satisfies the hypotheses of Lemma 1-A so that there
must exist positive constants d and b such that for all k£ and for all ¢, 0 < |¢|
<d, |ps(®)| =1 — bt®. Let R be such that the support of g is contained in
the interval [ — R, R] and let C be such that for all y, |g(y)|, |’ ) |.|g” )],
and |g” (y)| are bounded by C. Then

) ,
‘ [ [eoaira= vl B b3 — Hx =9y T w0
- k=1

d
=
-d

+ 4dC(2x + h) B(2R)

E(Wp) 4+ —h . ,
f (e — 1)e g+ U, *H,(x — y)dy‘(l — bt)%dt

E(Wg)-w/

d
<2 ﬁ CB(2R)thvq’ (1 — bt)7dt +4dCB(2R) (h + 27)

=< (C/b)hB(2R)v + 4dC(2x + h) B(2R).



1965] RENEWAL THEOREMS FOR RANDOM VARIABLES 429

Here B(2) is the bound of (2.1). We fix d so small that 4dC(2x + h)B(2H) <.
Note that the estimate for the integral from —d to d is independent of both x
and q.

For all |t = d integration by parts twice yields

2CB(2R) (vq’ + 6x)
t: ’

fe_uyAq(y)g *Uq*[Hq(x + h— y) - Hq(x - y) ]dyl§

Condition (B) of this theorem allows us to find u, 0 <u <1, such that we
can write

J.e.

4 ¢
[eeaoeU B+ b -5 - Hix -1 | [Tl 1
=1

<4( —d)CB(2R)(vg’ + 27)(1 — u)?

n 2]‘”2CB(2R) (g’ +261r)(1 — u)"'dt‘
¢ t
For fixed u, (1 — u)?(v¢’ + 6x) is uniformly bounded for ¢’ =0,1,2,.--.
Hence we may take ¢’ so large that f;=2CB(2R)(vg’ + 6x)(1 — u)?dt/t* < v
for all ¢’. Fix ¢ and choose @” so that for all ¢ = @”, 4t'CB(2R) (v¢’ + 2x)
- (1 — u)? < v. Therefore for all ¢ = max(Q’,Q"),

x+h
ﬁ g*U,*[Hyx+h—3y) — Hix — y) [dP(W, <)

v is arbitrary and hence the proof for Case 1 is complete.
Case 2. The case where « must be taken less than 1 is handled by writing

x+h
[ ge e (B 5= 3) = Htx = 9) JaPOW <)

x+h
ﬁ g*U,+[H, (x+h—3)

_ Hyx—3)]d [k* L) + [1— wk]Kk(y))] |

=P Xn—al <M) 20, Li(y) = P(Xn, <¥||Xp,— asl <M),
and
Ki(y) = (P(X,, <y) — wiLi(3) /(1 — wy).
The proof is completed by using the binomial expansion and estimating as

in Lemma 1-B.

COROLLARY 2-A. Let { X, | be a sequence of independent, non-negative random
variables. If there exists a subsequence {X,} of {X,} a sequence of intervals
{ (by, ¢, ]}, and positive constants M, R, and  such that
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(i) for allk,c, — b, = 2M;

(ii) for all k, P(X,, <x) is absolutely continuous on (b, ci]. Also for each
x € (b, ¢, dP(X,, < x)/dx = fi(x) < R uniformly in k;

(i) for all k, P(by < X,, <cp) 2 w;

(iv) (2.1) is satisfied;
then (2.4-0) holds.

Proof. Let a; = (bx + ¢;) /2. Then conditions (i) and (iii) immediately estab-
lish condition (A) of Theorem 2. (iv) is identical with (C) so that it remains
only to show that condition (B) of Theorem 2 is satisfied. Assume that there
exists some d > 0, some sequence of real numbers {t;} with |¢;| =d for all j,
and some subsequence {k;} of positive integers such that lim; .. |y (t)| =1
where pi(t) = J3* (1/v)e*fi(x)dx and », = P(by < X,, < cy). We can assume
that all the ¢; are positive. The unit circle is compact so that we can also

assume that there exists a positive number r such that for the subsequences
{t;}and {;},

Ck.
lim [ 7 (1/y,)(1 = cos(r + xt))f, (x)dx = 0.
J=e Jby
Let s > 0 be such that 1/sx + 2/sMd <1/2 and let
“1 [2mr —r w 2mnx —r w
Ej - mgm [ tj - 2SMRtJ ’ tj + 2SMRtj:|.

On the complement of E; the function, 1 — cos(r + x¢), is bounded away
from 0 so that it must be the case that

lim K f,,,-(x) dx=0.

jow Jlb, e, |-E.
ki ki

At the same time

w

R
][;’kj"‘kj]mj (l/l/hj)fkj(x)dx é wsMRtJ(z + Mtj/ﬂ’) é 1/2.

But for all j, (1/w) ﬁ,ﬁfif,,j(x)dx =1 and hence the corollary is proven.

REMARK. From the hypotheses of Corollary 2-A and one additional assump-
tion it is actually possible to prove (2.3). The function g in the statement
of (2.4-0) can be replaced by the indicator function of the interval (0,hA].
The smoothness properties of & were needed only in estimating the tails of
a certain integral. Because the functions, fi(x) /v;, are uniformly bounded, the
functions, py(t), are in Z(— », ). In addition to the assumptions of
Corollary 2-A, if we ask that there exist positive constants C and ¢ such that
for all k and all ¢, |¢| = ¢, |px(t) | < C/A/(P), then the smoothness of g is not
required and (2.3) can be concluded.

In some special instances it is possible to establish (2.4-n) for some n >0
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as a consequence of the presence of a subsequence, {X,, l, of random vari-
ables even though for each k,

limsup | E(expitX,)|= 1.

t—o

LEMMA 2-B. Let p,, ps, Ps3, a, b, and ¢ be real numbers with the following
properties:

(i) each p, >0andp,+ p,+ ps= 1.

(ii) for no real numbers m and d and integers k, k’, and k” is it possible to
write simultaneouslya = m + kd,b=m + k’d,c = m + k”d;

(iii) (@ — b)/(a — c) is an algebraic number;
then there exists some positive integer n and real number t' such that for all
[t =¢t,

|pe” + pe™ + pe™| <1 — 1/t"
Proof. Let r= min(p,,pzps) and p(t) = (1™ + p:e™ + pye™).
|p(®)|2= pi+ p3+ p3+ 2p.p2cost(a — b) + 2p,pscost(a — c)
+ 2p,pscos tb—oc)
< pi+pi+ p3+ 2p.pacost(a — b) + 2p pscost(a — ¢) + 2paps.

Denoteby k(t,a — b) the closestintegertot(a — b)/2r and let u = u(t,a — b)
=t(a — b) — 2xk(t,a — b). In the same manner define m(t,a —c) and v
=uv(t,a—c). Let E={t:|u] =2 x/2} U {t:|v] = x/2}. Fortin E,

lo®)|® = pi+ Pi+ Pi+ 2p1p2+ 2p1Ps + 2p2ps — 28
<1-2'<1—-2r%+ 1

Therefore for t in E,p(t) <1 — r?, and hence we need only concern ourselves
with the complement of E. If both |u| <x/2 and |v| < x/2 then

lo(®|* = pi+ p3+ p3+ 2pw02(1 — [2u/7]D) + 2p1ps(1 — [20/7]) + 2paps
<1—2r([2u/7 )+ [20/7 ] <1 —r(|2u/x| +|2v/x|)2

We can assume that |a — b| <|a — c¢| so that for allt, |k(t,a — b)| = | k|
<|m(t,a —c)| = m.

2 2
2 oy Tl2xem+v] ( mu _ kv >
lp@®]* =1 1 m@rm+v) m(2rm+v)
< r2|t(a—c)|2 2rk+u B k_ 2_ 1— r2|t(a—C)|2 a-—b_ i 2
= 4 2rm+v  m | 4 g=c m

If the degree of the algebraic number (a — b)/(a —c) is j = 2 then there
must exist a constant w > 0 such that for all integers, & and m,

3|s
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Here j must be greater than 1 for if (@ — b)/(a — ¢) is rational then a — b, .
a — ¢, and b — ¢ must be integral multiples of the same real number x. In
this case |p(27/x)| = 1, thus violating condition (ii) of the lemma. Finally

lo(®)|? =1 — r?|t(a — ¢) | w?/ 4m™.
For large |t|,1+4 |v|/|t(@a —c)| <2 so that there exists some t’ > 0 such
that for all |t| = ¢/,
rlw?|t(@—c)|42r)¥
4(tl@—c)—v)¥
Lol |22 2
<1 _Tw |a ‘c| (2)
B (t7%) (2%*7)
S1—2/t97 <1 =2/t 4 1/t 2

lox@® |21 —

Therefore for all |¢t| = ¢/,|p(t)] <1 — 1/t" where n = 2j — 1.

Let E = {x:|x — p/q| <1/¢*} has infinitely many solutions in integers
p and q. Then the Lebesgue measure of the set E is 0. This fact is stated as
198 on p. 168 of Hardy and Wright [9]. Therefore for each x not in E
there exists an integer ¢’ = ¢’(x) such that for all integers p and ¢, ¢ = ¢,
|x—p/q|l > 1/¢.

LEmMmA 2-C. Let p,,ps,psa,b, and ¢ be real numbers satisfying conditions
(i) and (ii) of Lemma 2-B. In addition if (a — b)/(a — c) is not in E then
there exists a real number t’ such that for all |t| = ¢,

|p1e” + poe® + pse”| <1 — 1/¢"
where n=2.3 —1=5.

Proof. The proof is the same as in Lemma 2-B with the integer 3 playing
the role of the algebraic order j. The inequality of the preceding paragraph
replaces the inequality of Lemma 2-B which deals with approximations of
algebraic numbers by rationals.

Lemmas 2-B and 2-C can be used to draw from Theorem 2 another
corollary.

CoroLLARY 2-B. Let { X, | be a sequence of non-negative independent random
variables. If there exists a subsequence, {X, |} of {X,}, a sequence {ay} of
real numbers, positive constants M, w, and t’, and a positive integer n such that:

(i) for all k, P(|X,, —a)| <M) 2 w;

(ii) for any d > 0 and t” = d there exists u > 0,u = u(d,t”) such that for
all t satisfying d <|t| <t”,supssi|pe(®)| <1 — u where pi(t) is defined as
in Theorem 2;

(iii) for all k and all |t| 2 t,|px(t)| =1 — 1/¢%

(iv) (2.1) is satisfied;
then (2.4-n) holds.
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Proor. Let g(x) have compact support on (— «, «) and have n + 3 con-
tinuous derivatives. In the proof of Theorem 2 the integral, (2.6), was
transformed by Parseval’s identity and estimated in three parts. Showing
that

ﬁl zt

can be made small uniformly in ¢’ and x by taking ¢” large is all that is
required to complete this proof, for the estimation on the remaining part
of the integral can be made as in Theorem 2. Taking ¢” = ¢’ and integrating
by parts n + 2 times gives

>f|¢| 2t

o d(n+2)
521” J l(l/t"“) "”Aq(y)d 18 *Up*[Hy(x +h —y)

(=1} [dy(1 -1/t

k=1

{ [ e+ Uye [HGx-+ k=3 — Hix =) Jay 11 o) |dt

f e ™A (g * Uy* [Hix+ h —y) — Hx — y) dy kf'Tpk(t) dt
=1

n+2

1/ t")e“'y— (Ag)

dydt

(k—1)
‘-jy—(k-—l{g* Uy Ho(x +h —y) — Hy(x — ) ]}

where

= {y:|y— [E(Wq») —vq’ — ‘n’/2]| < x/2}

Uly:ly — [E(Wy) + vg’ + 7/2]| < =/2}.
The first term on the right-hand side of the above inequality is less than
orequal to /7(1/t") (1 — 1/t")YC,dt < 2C/t” where C is a constant depend-
ing on h,n, the length of an interval containing the support of g(x), and
on the derivatives of g(x), but not on ¢’. The Lebesgue measure of E, is
less than or equal to 2= for all q. n is fixed and we have (2.1) so that we can
make the sum on the right as small as we wish uniformly in ¢’ and x by

taking t” large. Therefore for any » > 0 there existst” > 0 depending only
on» such that for all ¢ and all x

This completes the proof.
REMARK. It should be pointed out that the constant, w, in Lemma 2-B
depends on the magnitude of the coefficients and the degree of the poly-

Jeroagn U Hx+ h = ) — Htx = Ny TT 1ot de <
k=1
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nomial of smallest degree for which (e — b)/(a — c¢) is a root. If for each
random variable in the subsequence {X,, | of Corollary 2-B there corresponds
a constant, w,, and if there are infinitely many distinct elements in {w,,j,
then it is possible that infi{w,}= 0 in which case it might not be possible
to find the ¢’ of Corollary 2-B. On the positive side example 4.3 shows how
Corollary 2-B can be used to derive a mildly interesting result.

A result like that of Corollary 1-C can also be deduced from Theorem 2.

CoRroLLARY 2-C. Let { X, | be a sequence of non-negative independent random
variables. If there exists a subsequence, {X,, |, a sequence of real numbers
{ax}, and positive constants M, v, d, and m such that:

(i) for all B, P(| X — ai| < M) 2 w;

(ii) for any b > 0 there exists u > 0,u = u(b), such that for all t satisfying
b <|t| <x/d, suprai|ps(t)| =1 — u where py(t) is defined as in Theorem 2;

(iii) for all k,J ;oP(x,,=m+ jd) =1;

(iv) (2.1) is satisfied;
then for any h> 0, lim,_.[(H(x) —H(x—h)) — (H(x—d) —H(x—d—h)) |=0.

Proof. In the notation of Theorem 2, we need only show that

lim f’g*[Hq(x —y) — Hyx—y — W]d[P(W, <3) — P(W, <y — d>1‘= 0
g— 0 A

uniformly in x. But this expression is less than or equal to
B [1d[POW, <3) = PW, <y—d))

— B(h) ; P< éxnf mq’ +jd> _ P(éxnk —mg +( — 1)d>‘

where B(h) is the bound of (2.1). The techniques of §1 applied to the sum
on j yield the desired result.

This corollary can be combined with Corollary 3-A to give a further
renewal theory result.

For further conditions which imply (2.3) or, for some n, (2.4-n) the
reader is referred to Theorem 4 in a paper by W. L. Smith [ 12]. Smith
has limited success in handling random variables whose characteristic func-
tions, while never unity for T' > 0, have moduli equal to 1 for some T = 0.
The methods of this section are of no use in treating such random vari-
ables. He is also able to say something about nonlattice probability dis-
tributions which do not satisfy the conditions of Corollary 2-B.

3.-A renewal theorem. In this section conditions will be found to insure
that there exists some positive constant, «, for which
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. H(x+2z)—H(x) 1
lim ———M———— = -
I~ z a
uniformly in x. By assuming in addition that either (2.3) is satisfied or that
for some n,n = 0, (2.4-n) holds, we are able to conclude that

3.1) foranyh> 0, lim [H(x) — H(x —h)]= ﬁ
a

If the random variables are integer valued, then the additional assumption
is that lim,_.., [u, — 4,_;] = 0 and the conclusion is

(3.2) limu,=1/a.

The case when a« = « is also discussed.

DEFINITION. Let { X, } be a sequence of random variables, the set A(x,y)
is defined by

® k k
A(x,) =kﬂ~ {[ 2 X< x]‘U[ 2Xjzx +y]} :
=1 j=1 j=1

LEMMA 3-A. Let { X, } be a sequence of non-negative independent random
variables with S, = Y _r., X,. If

(3.3) there exists a positive constant « so that (S,.. — S,)/k converges in
probability to a as k approaches infinity uniformly in n, and if
(3.4) lim P(A(x,y)) =0

y—®
uniformly in x, then for any v > 0 there exists z’ > 0 depending only on v such
that for all x and forallz 2 2’, (H(x+2) — H(x))/zZ 1/a — ».

Proof. First we show that for any » > 0 there exists 2”7 > 0, 2” =2"(»)
such that for all j, j=0,1,2,... and all 222", Hjz) 2 2(1/a —v). We
have Hj(z) = Y n_js1 (¥ i-j+1 P(Xix < 2)). For any p > 0 there exists N such
that for all n= N and all v, P(S,;,— S, <n(a+p)) 21—p. Let 2”7
=(N—-1(a+v).Ifz> 2" we can find n(z) = n so that (n — 1)(a+») <z
< n(a + ») and so that n = N. For this z and n we can write

H) 2 z( * P(Xi<2)) 2 01—
i2j31 \ k=j+1

and hence Hj(z)/z2n(l —p)/z2 (1 —p)/(a+p). But p is arbitrary so
we have the first of the desired inequalities. Define @(x,z) by

Q(x,2) = max{n: Xnwi1 + Xnw+z+ -+ + Xnw+s <2}
Then
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E@Q(x,2) = . P(Qx.2) > k)
k=0

Il
Me
Me

P(S; < x,8,41 2 x,Nj(2) > k)

j=0

x>
[
o

<.
[

P(x—2"?<Sj<x£Sj<x+2")

v
Me
Me

a
Il

0 0

-
f

P(Nj 1z — 2273 > k)

=) P(x—2"<S;<x= S <x+2")Hj(z — 22Y3).

j=0
Now N(x+2) = N(x) + Q(x,z) so that
H(x+2) — H(x)

z

- % v
But Uz — 22 < S; <x = 8S;;, <x+2"2] contains the complement
of the set A(x —2Y%2"%) U A(x,2") and hence for any » > 0 there exists
2’ > 0 such that for all z=2",) “oP(x —2"2<S;<x<8j;,<x+2")
2 1 — » uniformly in x. Also for all z 2 2’,[H;, (z — 22V%)/(z — 22"?)]
2 1/a — v uniformly in j and 2z"?/z < ». Therefore for all x and for all
z 2z’ we have

H(x+2z) — H(x)
z

2(1-»QA/a—»)(1—v).

v is arbitrary and thus we have the desired result.
The next three lemmas translate conditions (3.3) and (3.4) into more
manageable terms.

LEMMA 3-B. Let {X,}| be a sequence of independent non-negative random
variables. If there exist positive constants « and N and a probability dis-
tribution function G(x) such that:

(i) limy_, 1/kY ' E(X,4) = « uniformly for all n 2 N;

(ii) for all x and for all n 2 N,P(X, < x) 2 G(x) and S xdG(x) < «;
then (3.3) and(3.4) hold.

Proof. We shall show first that condition (3.3) is satisfied. Set S, =
> #-1Xs For any »>0 and n <N,
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§»_+_kk—_3»_a gy)

k(a —V/2) Sn+h_SN k(a+ ll/2)
<P <
= (k—(N—-n)Sk——(N—n)ék—(N—n))

437

(

Sn—38,
k

+ P ( =/ 2) .

N is fixed so that there exists k’ such that for all e > &’ and alln,1 < n < N,
k(a —v/2)/(k— (N—n)) 2 a—vand k(a +v/2)/(k — (N —n)) £ a+».
Also we can always find a k” such that for all £ > k” P(| (Sy — S,) /k| = v/2)
< v for each n,n < N. Therefore the problem of showing that conditions
(i) and (ii) imply condition (3.3) reduces to that of showing that (i) and
(i) imply (3.3) under the additional restriction that N = 0. To establish
(3.3) we assume N = 0 and proceed with a truncation argument.

For any p > 0 define X,(p) = X, if X, <p and X,(p) =0 if X, = p.
Forany» >0

P(

S'H-P _ Sn
p

+P(l
p

- a

2, )sP( ngxm;p:)

hﬁ (Xoix(®) — EXoss(p))

y/2>

<p( - GP)) + — (p 2 (z (x,.+,,(p>>)

—al= v/4>

+ P( Ly [ 2dP(Xp4s < %) 2 v/4)

P k=1

= u/2)

(’ (Z o)) )

k=1

+P<‘(%§E(Xn+k))

x(1 — G(x))dx

—a ;u/4>

+ P(p(1 - G(p) + j (1 - G(x)dx 2 v/4).

<p(1—G(p))+sj

+P('(%éE<xn+k))
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The fact that /" xdG(x) < « guarantees that the first, second, and fourth
terms on the right in the above inequality can be made small by taking p
large. Condition (i) implies that the third term is O for all sufficiently large p.

Condition (3.4) is more easily verified. We make use of the fact that we
have (3.3) and hence the uniform bound, B(z), of (2.1).

+
P(A(xy))é Z Px—k—1<S;sx—kPXj;,z2y+Fk)

"
+
—

]
P(x—k—1<S,~§x—k)

™= "'[\’18'

~

I
o
x>

I
=)

IIA

P(Xj 2 (y+ k) + B(1) Z 1-Gy+k)

A

N
£ 3 P29 +B0) [ (11— G

iz .
But N is fixed and S xdG(x) = S (1 — G(x))dx < = so that the terms on
the right can be made small by taking y large. The estimates are independent
of x so (3.4) is satisfied.

It is possible to have (3.3) and (3.4) satisfied without condition (ii) of

Lemma 3-B being satisfied.

LemMA 3-C. Let { X, be a sequence of independent non-negative random
variables. If there exist positive constants « and N such that:
(1) lim_. (1/k) Z}LIE(X,,H) = a uniformly for all n > N;
(ii) limy_.., S5 xdP(X, < x) = 0 uniformly for all n > N;
(iii) there exist positive constants C and z such that for all k, P(X,2 2)
= C/k;
then (3.3) and (3.4) hold.

Proof. Let G(x) = inf,,{ P(X, < x) }. We claim that lim,_. x(1 — G(x))
= 0. Assume that there exists a sequence {x,} such that lim,_.(x,) = «
and such that for all &, x,(1 — G(x,)) = 5» where » is some positive number.
Choose b’ so that if b = b’ then

b2 — [bmxdu — P(X, < %)) = b(1 — P(X, < b)) + [b (1 — P(X, < x))dx.

Hence for any x, > b’ we can write » = x,(1 — P(X, < x4)). But this esti-
mate is uniform in n so that for fixed x, > b’ we can find an n such that
v 2 x,,(l — P(X,, < x,,)) = x;,[ 1-— G(xk) — ll/xk] or 2y = Xy (1 — G(xk)) = bv.
Therefore it must be the case that lim,_. x(1 — G(x)) = 0.

Just as in Lemma 3-B we need only consider the case N =0 when
attempting to establish (3.3). Also from Lemma 3-B we can write
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P( ;u>

4 2
< KL= G) + o (}:[xm(k) E(X,.+,~(k))])

where » is positive and arbitrary. The fact that lim,,.x(1 — G(x)) =0
implies that the first and second terms on the right approach 0 as k ap-
proaches infinity uniformly in n. The third and fourth terms on the right
are 0 for all large k& and all n as a consequence of conditions (i) and (ii).
Therefore condition (3.3) is satisfied.

Turning to condition (3.4) we estimate using (3.3). For any 0 <» < a/2
there exists k” > 0 such that for all k = k’, P(|S;/k — «| 2 v) < ». Then

Sn+k - Sn
k

—a

k k ~ o
1 EX,,) —a|zZv/4) + P 12 xdP(X,.;j < x) 2 v/4
k j=1 J k j=1« k

1+(x/(a—y) ] [x+1]

PAxY) <2+ Y S Pa—-k—1<S<x—kRPX2y+k

j=lx/a+v)] k=0

whenever x = (K’ + 1)(a+»). Taking y>2, x= (k" +1)(e+v), and
using (iii) gives

] 2C(1 + vx/(a® — v?)
P(A(x,y) < 2 C/i+D =2
A s+ 3, C/U+D =2+ — T

Let x’ be such that for all x = x’, 2C(1 + vx/(a®— v9))/(1 + x/(a + v))
< 2C(1 + 4a%/3)/(1/2). Set x” = max((k’ 4+ 1) (a + »),x’). We can find
2’ > 0 such that for all y > 2" and all x < x”,

1+(x/(a—»)] [x+1]

PAx,y)=v+ Y D Pax—k—-1<S;sx—kPX,z2y+k

Jj=0 k=0

1+[x'/(@—») ]

PXjs1Z2y) +v=2.

IIA

j=0

Therefore for all y > max(z,2’), P(A(x,y)) is bounded by an expression
which is independent of x and which can be made arbitrarily small by choos-
ing » near 0. This establishes (3.4).

It is also possible to have (3.3) and (3.4) satisfied when o is not the
Cesaro average of a sequence of expected values.

LemMA 3-D. Let { X,| be a sequence of non-negative independent random
variables. If there exist positive constants « and M such that:

(i) lim,_. (1/n) X " a(k+j) = a uniformly in k where
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M
a(k) =J; xdP(X, < x);
(i) i PXiz2 M) < o
then (3.3) and (3.4) are satisfied.

Proof. Let » > 0 be given. There exists N such that 32, P(X;= M) <»
for all n = N. Taking n = N and using the truncation notation of Lemma

3-B we get
Snie— S, S
P( " —a @)gp(ggx,g M})
1 k
+ P3| Z KnrsM) - aln+)| 2 v/2)
Jj=1
1 k
P+ ) —al =
+ (lkj;a(n-ﬂ) a V/p)
4kM? 1 .
§V+(—Vk—)-§+P< Ega(n-i—J)—a %u/2>.

Each term can be made less than » unifornﬂy for all n = N by taking k
greater than some k. For n < N,

P( Sn+k_Sn_ V)

k
p( S"_+"___Sﬁ gy/a>+P<§N—_S"g,,/2)
k k
P( k(o — v/2) < Sk — Sn < k(a4 v/2) )
k—(N—-n)~"k—WN-n)"k—(N—-n)
+ P(Sy = kv/2).
N is fixed and therefore there exists k” such that whenever k > k” and n < N,

P( (Sn+£_ Sn) —
If k= max(k’,k”) then P(|(Sp,ix— S)/k— a| Zv) = 4v uniformly in
n and hence condition (3.3) is satisfied. D i, P(X; 2 M) < o so that
P(N Ut {X,z M}) = 0. This is enough to establish condition (3.4).

THEOREM 3. Let { X,}| be a sequence of non-negative independent random
variables. If (3.3) and (3.4) are satisfied and if either (2.3) or for some n
(2.4 — n) hold, then for any h > Olim,_. [H(x) — H(x — h)|= h/a. If the
random variables are integer valued, we ask that (3.3) and (3.4) hold and that
lim,_. [, — u,_y] = 0. Then lim, .. u, = 1/a.

1\

IIA

—a

IIA

= v) < 4.
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Proof. The hypotheses of both Lemma 2-A and Lemma 3-A are satisfied
so that for any A > 0 and » > 0 there exists 2’ > 0 such that for all x and
all integers k = 2’ /h,

* [H(x + vh) — H(x + [v— 1]h)]

; W — l/a‘

H(x + kh) — H(x)
kh

If condition (2.3) is satisfied then the desired conclusion, (3.1), follows
immediately. If the random variables are integer valued and

—1/a| =

lim (u, — u,_y) =0

n—o

then (3.2) can be obtained directly from the above inequality by setting
h=1.

We consider next the case where for some n, (2.4 — n) holds. Take » so
that 0 < » < h/2. Let I, be the indicated function of the interval (0,h] and
J; be that of (v,h — »]. Let g(x) have n + 3 continuous derivatives and be
such that J,(x) < g(x) < I,(x) for all x. For all 2> 2"/(h — 2v) we have

g*il' H(xk—l(—hv[—h2:) 21/])] [ZH(x +uo[h—20) ]

v=1 v=1 k(h_z")
_H(r—v+k[h—2u])—H(x—v)
B R — 20) = M=

This inequality holds for all x. I, * H(x) is uniformly bounded in x so that
there exists {x;} and a finite number, m, for which lim, . infI,*H(x) =
lim; .., I, * H(x;)) = m. By condition (2.4 — n) there exists x’ such that for
all x;2x" and all v, 1<v=<&k, g+H(x;+ vlh — 20]) <m+». Therefore
km+v)/kth—20) 2 1/a—v or m= (h— 2)(1/a —v) —v. Next let
E, be the indicator function of the interval ( — »,h + »] and choose g’ so
that g’ has n 4+ 3 continuous derivatives and I,(x) < g’(x) < E;(x). Then

H(x+ v[h+ 2v)
[; k(h + 2v) ]

< Eh*.[ Z”:H(x+v[h+ 21/])]

v=1 k(h + 2”)

_H(x+u+k[h+2u]) — H(x + »)
= Wt ) <1l/a+w.

Repeating the above argument yields for limsup,..I,*H(x) =M, M
S (h+ 2)(1/a + v) + v. But v is arbitrary so M = m = h/a.
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Next we consider the case when « is infinite.
CoRrOLLARY 3-A. Let |X,! be a sequence of independent non-negative
random variables with
Sn+k - Sn
k

converging in probability to infinity as k approaches infinity uniformly in n.
If there exists for some d for which

lim ((H(x+d) — Hx) |- [H(x) — H(x - d)]) = 0,

X—®

(3.5)

or if for some n, n 2 0, and any g with compact support and n+ 3 con-
tinuous derivatives lim, ..g*[H(x+d) — H(x)]=0, then for any h>0,
lim,_..[H(x + h) — H(x)] = 0. If the random variables are integer valued
and if for some integer d, lim,_,., (u, — u,_g) = 0, then lim,_ . u, = 0.

Proof. From the assumption (3.5) we have that for any » > 0 there
exists k’ such that for all k= &k’ and all n,P((S,4x — S, /k < 1/v) S v.
The argument of Lemma 2-A gives a 2’ such that for all z > 2" and all
J,Hj(z)/z = v. Consequently there exists z” such that for all z=2” and
all x,(H(x +2) — H(x))/z < v. Using the inequalities and the extimates
found in Theorem 3, we have that in the continuous case

limsup [H(x 4+ d) — H(x) ]=0 = lim [H(x 4+ d) — H(x) ].
If h <d then H(x+ h) — H(x) < H(x 4+ d) — H(x) and hence we have the
desired result. If A > d we can write

k
H(x+h) — H(x) =Y [H(x+vhk’) — H(x+ [v— 1]h")]
v=1

where h = kb’ and &’ <d. The conclusion for the integer valued case
follows by letting A = 1 and restricting x and d to the set of positive integers.

REMARK. For a continuous renewal sequence, the hypotheses of Corollary
3-A, except in the situation described in Corollary 2-C, seem no easier to
verify than either (2.3) or, for some n, (2.4-n). However, if the variables,
are integer valued, this is not the case. Corollary 1-C gives conditions
which insure that for some integer d, lim,_,. (v, — u,_g = 0. These same
conditions do not imply that lim,_. (4, — u,_,) = 0.

REMARK. The condition (3.5) of Corollary 3-A will be satisfied if the
non-negative independent variables are identically distributed with infinite
first moments. If for some N, ((S,;x— S») — E(S,;x — S,))/k converges
in probability to 0 as k approaches infinity uniformly for all n > N and if
limkquf=IE(X,,+,~)/k= o uniformly in n, then (3.5) is also satisfied.

We conclude this section with the following special corollary.
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CoROLLARY 3-B. Let | X, | be a sequence of non-negative, independent, integer
valued, random variables. If there exist a subsequence, { X,,} of { X..}, a sequence
{as} of real numbers, positive constants M,w,«, and N, and relatively prime
integers m and d such that conditions (i) through (iv) below are satisfied, then
lim, . u,=1/a.

(i) Forall k,P(|X,,—a| <M) 2 .

(ii) For any 0 < r < «=/d, there exists u > 0,u = u(r), such that for all T
satisfying r < |t| < x=/d we have supys;|px(t)| < 1 — u. Here p(t) is defined
as in Theorem 1.

(iii) foralln 2 N, ) 0P(X,=m + jd) = 1.

(iv) Conditions (3.3) and (3.4) are satisfied.

Proof. In the notation of Theorem 1 we can write

U, = pn(l) + pn(2) + e + pn(k - 1) '+' kaj(k)un—j(k)-
iz
Therefore the problem reduces to that of showing that the corollary is true
in the case N = 1. For v a fixed integer satisfying 0 < v < d, let Y, = X,
+ Xigyo1+ -+ + Xt—1ndsos1 when kB >0and Yo= X, + .- + X,. Here it
is understood that when v=0,Y,=0. Let T,=) %.,Y;. Then we can
write Upiim = 2 -0 P(T;= mv+ nd). Conditions (i) and (ii) yield, by
Corollary 1-C, lim, .. (4m4nd — Umpsrm—nd) = 0. For any » > 0,

P( gy>=P(

so that condition (3.3) is satisfied for {Y,| with the constant equal to da.
Next let

n

Su+d(n+ﬁ - Sv+df _

— da an

= V/d>

a

o k k

Dy(x,2) =N [ZYj<x]U[ZY,;x+z]}.
k=1 j=1 j=1

Then D(x,z) < U¥ZJA(x+ kz/d,z/D). Then (3.4) is also satisfied for

{Y,|. Hence for any » > 0 and all large &,

k
> UntG4md 1

j=1 kd d(l

<v

uniformly in n. Therefore we have lim,_ .. Upypga= 1/a,v=0,1,---,d — 1.
Finally, if m and d are relatively prime, then for every integer k = d* there
exists positive integers n and v,0 < v < d — 1, such that k = mv + nd. This
completes the proof.

4. Examples.
EXAMPLE (4.1). Define a random variable Y by P(Y=1) = P(Y =3)
= 1/2, and a random variable Z by P(Z = 2) = 1. Let {X,} be a sequence
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of independent random variables such that if n = k(k — 1) for some positive
integer k then X, =X, , =?Y. Otherwise X, =?Z. The largest value that
Skk-1 may assume is 3[2(k — 1) ]+ 2[k(k — 1) — 2k + 2] = 2k% — 2.
Following X,y is a run of Z’s long enough to insure that for no n > k(k—1)
can S,=2k*—3. If n<k(k—1), S,<2k’*—5. Finally Sy, must
take on an even value and hence for all k, uy2_5;= 0. From this we see
that lim, .. (u, — u,_;) # 0. If it were 0 an application of Lemma 3-B
and Theorem 3 would give lim,_. u, = 1/2 and a contradiction. This
example is of interest because if for all n, X, =¢Y then we would have
lim,_.., (4, — u,—_;) = 0 as a consequence of Corollary 1-D.

ExaMPLE (4.2). Define a random variable Y by P(Y =1) = P(Y =v/2)
=1/2, and a random variable Z by P(Z=+/2—1) =1. Let {X,}| be
a sequence of independent random variables such that if n=k(k — 1)
for some positive integer k, then X, =¢Y. Otherwise X, =?Z. Then there
exists {x,) with lim, .x,= » such that for any h, 0<h<+/2-1,
H(xy+ h) — H(x) = 0 for all k. We cannot have (2.3) for if (2.3) were
satisfied then an appeal to Lemma 3-B and Theorem 3 would give
lim, .. [H(x+h) — H(x)]=h/G/2—1) for any h. This is clearly
impossible. However if for all n X, =?Y then we could conclude from
Corollary 4.2 that (2.3) held for { X,}.

ExaMPLE (4.3). Let { X,| be a sequence of positive independent random
variables. Let {X,} be a subsequence of {X,} such that if k= 2j for
some integer j then P(X, =1) = P(X, =3)=1/2, and if k=21
for some integer j then P(X, = 1) = P(X,, =v'2) =1/2. If we write
pe(t) = E(e*), then |[]i_10:(®)] < {(1/4)]€* 4 e\ TVD gt 4 HC+VD| Jor2],
According to Lemma 2-B there exists ¢’ such that for all ¢, |t| = ¢,
(1/3)]€* 4 "1 +V? 4 ¢#3+V2 < 1 — 1/£%. Hence |t| = ¢’ implies [ 1-1|0x(%)|
< (1 - 3/4t)92 We can now make the same kind of estimates that were
made in Corollary 2-B except for factors of 2 and 4/3. Therefore we have
that for { X, }, (2.4-3) is satisfied. If in addition | X,} satisfies (3.3) and (3.4)
then for any h,lim,_..[H(x+h) — H(x) ] = h/a. The presence of either
the subsequence { X, | or {X,,,_,} alone would not be enough to guarantee
a limit in the above expression. However by mixing the two subsequences
and looking closely at the proof of Corollary 2-B, we find that the sub-
sequence { X, | will give us the condition (2.4-n) needed for the renewal
theorem.

ExXAMPLE (4.4). Let { X,,| be a sequence of independent random variables
whose distribution functions are defined as follows: For0 < x < 1, P(X, < x)
=x(1-1/n In(3+ n)); P(X,=n) =1/n[In(3+ n)]. In the notation of
§2, the subsequence {X,| is the given {X,}, a,=1/2, M =1/2, and
w=1=-1/In4. From Corollary 2-A we see that (2.4-0) is satisfied.
The remark following Corollary 2-A tells us that actually (2.3) holds for
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{X,}. We have {E(X,)} monotone increasing with lim,..E(X,) =1/2.
Hence lim,_..(1/k) > % ,E(X,.) = 1/2 uniformly in n. If we let G(x)
= inf,»; P(X, < x), then it can be verified that the conditions of Lemma
3-C are satisfied. Therefore we have (3.1). In this example the sequence,
{ X}, obeys the weak but not the strong law of large numbers. Sequences
satisfying the conditions of Lemma 3-B will always obey the strong law of
large numbers. This example also puts an end to any thought that from
(3.1) it might be possible to prove that P(lim,..(1/n)> i1 Xi=a) = 1.

BIBLIOGRAPHY

1. D. Blackwell, A renewal theorem, Duke Math. J. 15 (1948), 145-151.
2., Extension of a renewal theorem, Pacific J. Math. (2) 3 (1953), 315-320.
3. Y.S. Chow and H. Robbins, A renewal theorem for random variables which are dependent or
nonidentically distributed, Ann. Math. Statist. 34 (1963), 390-395.
4. K. L. Chung and J. Wolfowitz, On a limit theorem in renewal theory, Ann. of Math. (2)
55 (1952), 1-6.
5. J. L. Doob, Stochastic processes, Wiley, New York, 1953, p. 45.
6. P. Erdés, W. Feller and H. Pollard, A theorem on power series, Bull. Amer. Math. Soc.
55 (1949), 201-204.
7. W. Feller, On the integral equation of renewal theory, Ann. Math. Statist. 12 (1941), 243-267.
8. W. Feller and S. Orey, A renewal theorem, J. Math. Mech. 10 (1961), 619-624.
9. G. H. Hardy and E. M. Wright, Introduction to the theory of numbers, 4th ed., Clarendon
Press, Oxford, 1960, p. 168.
10. T. Kawata, A renewal theorem, J. Math. Soc. Japan 8 (1956), 118-12
11. A. Kolmogorov, Anfangsgriinder der Theorie der Markoffschen Ketten mit unendlich vielen
maglichen Zustinden, Mat. Sb. (N.S.) 1 (1936), 607-610.
12. Walter L. Smith, On some general renewal theorems for nonidentically distributed vari-
ables, Fourth Berkeley Symposium on Mathematical Statistics and Probability, I1, pp. 467-515,
Univ. of California Press, Berkeley, Calif., 1961.

UNIVERSITY OF MINNESOTA,
MINNEAPOLIS, MINNESOTA



